The mechanics of detachment is analysed for 2D flat-bottomed planar pillars and 3D cylindrical pillars from a dissimilar elastic substrate. Application of an axial stress to the free end of the pillar results in a singularity in stress at the corner with the substrate. An eigenvalue analysis reveals that the stress field near the corner is dominated by two singular eigenfields having eigenvalues (λ 1 , λ 2 ) with corresponding intensities (H 1 , H 2 ). The asymptotic stress field σ ij is of the form
Introduction
[ Figure 1 about here.]
The recent design and fabrication of bio-inspired adhesive surfaces follows a new paradigm for reversible adhesion (eg. Jeong et al., 2009; Gorb et al., 2007; Greiner et al., 2007; Kamperman et al., 2010) . Observation of the adhesion organs exhibited by some creatures of the animal kingdom, for example the beetle and gecko, has shown hair-like compliant structures at the tip of their limbs that enable them to climb on vertical walls and hang from ceilings. Adhesion is primarily due to van der Waals forces (Autumn et al., 2002 ) with a humidity-dependent contribution from capillary forces (Huber et al., 2005) . This has led to the concept of "contact splitting" (Arzt et al., 2003) , according to which adhesion is enhanced by the presence of small, discrete and compliant ('fibrillar') contact elements.
The surfaces of artificial, bio-inspired adhesive surfaces typically have a micropattern comprising an array of short cylindrical pillars made from a soft material such as PDMS or other polymers. The diameter of individual pillars ranges from sub-micron to sub-millimeter dimensions, with length-to-diameter aspect ratios typically between 1 and 10. These pillars have been fabricated with a variety of tip shapes (flat-bottomed or mushroom-shaped (Gorb et al., 2007; Greiner et al., 2007; Murphy et al., 2009)) and geometries (straight or slanted (Jeong et al., 2009) ). An example of an array of flat-bottomed micropillars is shown in Fig. 1 . Such adhesive pillars have also been made from shape memory polymers (Reddy et al., 2007) and from flexible nickel paddles coated with polymeric nanorods (Northen et al., 2008) . A switchable adhesion has been achieved in such systems by controlling temperature (Reddy et al., 2007) , magnetic field (Northen et al., 2008) or compressive preload (Paretkar et al., 2013) . Especially the latter system is now on the verge of practical application in industrial robotic systems.
For the optimization of artificial fibrillar surfaces, a full understanding is required of the micromechanical detachment mechanisms and the influences of the geometrical and materials parameters involved. When collective mechanisms and backing layer effects are neglected, the problem can be reduced to the detachment of a single elastic pillar from an elastic substrate. Furthermore, mechanisms that involve the collective behavior of many pillars, or that are motivated by the behavior of the layer of material backing a pillar array, depend on the manner in which individual pillars detach from the elastic substrate. This involves a strong interplay between surface energy and elastic strain energy. The detailed push-on/pull-off behaviour is sensitive to the contact shape and to the elastic mismatch between pillar and substrate. Much progress has been made for a conforming contact, where the bottom of the pillar is spherical (or cylindrical) in shape.
For example, the Johnson-Kendall-Roberts (JKR) theory (Johnson et al., 1971 ) considers the elastic-brittle limit such that the traction-separation law of the interface enters the analysis only via the work of separation G c . In this limit, the process zone (over which the force-separation law is active) is much smaller than the contact size. The domain of validity of the elastic-brittle idealisation has been explored (Paretkar et al., 2013; Northen et al., 2008) , and found to have widespread application. Much less is known about the detachment of a non-conforming pillar, such as a flat-bottomed cylinder from a flat substrate.
Arrays of cylindrical pillars have been fabricated from PDMS (eg. del . The tip of such pillars can be flat or rounded with a prescribed radius at the corner, see Fig. 1 . Adhesion studies have been performed by del , using these arrays, to measure the pull-off stress against a sapphire spherical substrate. They report that the pull-off strength for an array of pillars with rounded tip is only a fraction that of flat-tipped pillars. Note that the pull-off stress for the array of pillars is governed by the pull-off stress for an individual pillar and the rounded tip can be considered to be a crack-like flaw.
Consequently, it is important to have an accurate estimate for the pull-off stress for an individual pillar as a function of the crack length, pillar geometry and elastic mismatch between the pillar and substrate. This is the subject of the paper.
The pillar substrate geometry analysed is shown in Fig. 2 . For this geometry, detachment begins at the corner of the pillar and propagates inwards. The details are made complex by the presence of a corner singularity in the perfectly bonded state, with the level of singularity sensitive to the degree of elastic mismatch between pillar and substrate. Furthermore, the geometry shown in Fig. 2(a) is the fundamental shape for a fibril undecorated by a special tip shape such as a mushroom head or a flange, but perhaps having an edge radius of curvature arising as a natural outcome of fabrication (see Fig. 1(b) ). Such an edge radius can be represented to first order as the crack depicted in Fig. 2 (c) with the its length being equal to the edge radius. Detachment at the tip of the crack/edge radius, shown in Fig. 2(c) , is controlled by stresses arising from the edge singularity in the problem of Fig. 2(a) . Solution of the problem depicted in Fig. 12(a) is thus of primary importance in the characterization and understanding of the detachment of micro-pillars from an elastic substrate dissimilar or similar to the material from which the pillar is made.
[ Figure 2 about here.]
The purpose of the present paper is thus to present a comprehensive mechanics analysis for the detachment of a 2D flat-bottomed rectangular pillar of width D, and of a flat-bottomed pillar in the form of a 3D circular cylindrical pillar of diameter D, from a possibly dissimilar substrate, see Fig. 2(a) . We take the 2D pillar to be sufficiently thick in the z-direction of Fig. 2(a) (i.e. in the through thickness direction) that plane strain conditions apply. Application of a remote axial stress to the pillar leads to a singularity in the stress field at the interface corner. For both 2D and 3D geometries, the level and intensity of the corner singularity are determined by our analysis in terms of coordinates r and θ, see Fig. 2(b) . Both the pillar and substrate comprise isotropic elastic solids, labelled m = 1 and m = 2, respectively (shown in Fig. 2 by the labelling #1 and #2). The materials have shear moduli (µ 1 , µ 2 ) and Poisson's ratios (ν 1 , ν 2 ). A reduction in the number of independent elastic constants is achieved by means of the two Dundurs' parameters
where κ m = 3 − 4ν m . For the practical range of elastic constants, we find that −1 < α < 1 and 0 < β < α/4, as discussed by Hutchinson and Suo (1992) .
It is envisaged that crack-like defects pre-exist at the corner of both pillars, and detachment occurs when the energy release rate attains the interfacial adhesion energy or toughness G c . As noted above, the cracklike defect at the corner can represent an edge radius naturally present due to fabrication. An asymptotic analysis is thus given for an interfacial crack embedded within the singular zone at the corner, see Fig. 2 (c).
Interfacial detachment is also analysed for the case where the crack extends beyond the domain of the corner singularity, see Fig. 2(d) . For completeness, results are also reported in an appendix for the detachment of a planar pillar subjected to an end moment.
Outline of paper
The focus is on the asymptotic response for a short corner crack embedded within the singular stress field at the interface corner, as shown in Fig. 2(a) . First, we analyse the corner singularity and determine the level of singularity λ and its intensity H as a function of material mismatch, see Fig. 2 (b); we denote this problem A.
Second, we place a short corner crack on the interface between pillar and substrate, with the crack length ℓ taken to be sufficiently short that the crack is fully embedded within the elastic stress field of the corner singularity, see Fig. 2 (c). An asymptotic analysis is developed in order to give the coupling between the interfacial stress intensity factor for the crack K and the intensity of the corner singularity H. We label this problem B.
For completeness, the stress intensity factor is obtained numerically for a long interfacial crack emanating from the corner, as sketch in Fig. 2(d) ; we denote this problem C. When the crack is sufficiently short the solution converges to the asymptotic solution for the short crack, as obtained by combining the solutions to problems A and B.
Methodology
It is instructive to summarise the overall mathematical framework for the three problems in turn.
Problem A: the corner singularity
A singular asymptotic stress field exists at the corner of the perfectly bonded 2D (or 3D) pillar (absent the interfacial crack). This stress field can be written in terms of a polar co-ordinate system (r, θ), centred on the left-hand corner of the pillar/substrate, see Fig. 2 (b). The stress σ ij and displacement u j fields in the vicinity of the corner can be written as a series expansion of eigenstates
and
Here, λ n are the eigenvalues, each term is of intensity H n , and f ij and g j are the eigenfunctions that capture the angular dependence θ of stress σ ij and displacement u i , respectively. An eigenvalue analysis is given in Appendix A in order to obtain λ n , f ij and g j for any given (α, β). The analysis reveals that, for a given elastic mismatch, there are two leading terms 1 in the series expansions of (2) and (3). The eigenvalues (λ 1 , λ 2 ) both lie within the interval [0.5, 1] and the corresponding stress intensities for the corner singularity are (H 1 , H 2 ). For example, when λ 1 equals 0.5, the level of singularity is identical to that of a crack in a homogeneous solid.
The scalars (H 1 , H 2 ) give the intensity of the corner singularity and scale linearly with the applied axial stress σ ∞ , as shown in Fig. 2 (a). The asymptotic normal component of the stress field along θ = 0 is given
From dimensional considerations we can express H n for n = (1, 2) in terms of σ ∞ , and the pillar dimension D, according to
where the coefficient a n (α, β) is determined numerically in section 3. Note that the magnitude of a n differs for the plane strain (2D) and axisymmetric (3D) cases.
[ Figure 3 about here.]
The asymptotic H−field at the corner of a pillar-substrate interface plays a similar role to the K-field at a crack tip. A crack propagates in a brittle manner when the magnitude of the applied K-field reaches a critical value. Likewise, it has been envisaged by Akisanya and Fleck (1997) that the pillar-substrate interface can fail in a brittle manner when the value of the corner stress intensity H 1 reaches a critical value H c . The value H c can be can be measured by performing experiments for any combination of elastic mismatch.
Problem B: a short interfacial crack embedded within the corner singularity
Now consider an interfacial crack of length ℓ, see Fig. 2 (c). The crack is an edge crack, in plane strain, for the 2D pillar, and is an external annular crack in the 3D case. When the crack is sufficiently short that it is embedded within the corner singularity, the complex stress intensity factor K for the interfacial crack can be expressed in terms of H n . As a brief aside and in order to introduce notation, we recall the definition of K and of related fracture mechanics parameters for an interfacial crack.
Consider the asymptotic stress field in the vicinity of an interfacial crack in terms of the polar coordinates (R, Θ) centred on the crack tip, see Fig. 2(c) . Directly ahead of the crack tip, the hoop stress σ ΘΘ and shear stress σ RΘ read (Hutchinson and Suo, 1992) 
where K is the complex stress intensity factor with real part K 1 and imaginary part K 2 . The oscillatory index ǫ depends upon β via
The mode mixψ is defined via
wherel is an arbitrary distance ahead of the crack tip 2 . Upon choosingl = ℓ, the mode mix ψ is given by
and consequently the value ofψ for any other choice ofl iŝ
Typically, the difference betweenψ and ψ is very small since ǫ is small and there is a logarithmic dependence upon ℓ/l. The energy release rate G scales with the stress intensity factor K according to (Hutchinson and Suo, 1992 )
where 16
Now back to the problem of a short corner crack. To extract the interfacial stress intensity factor K, it suffices to analyse the boundary layer problem as defined in Fig. 2(c) . Assume that the crack length ℓ is much smaller than the radius to the outer boundary r b and prescribe the displacement (3) on the outer boundary. From dimensional considerations K can be related to (H 1 , H 2 ) according to
2 For the case β = 0 , we have ǫ = 0 and the mode mix becomes independent ofl.
where the complex calibration factors d n (α, β), have real and imaginary components d
respectively, for each n = (1, 2). We shall determine d n by evaluation of the complex stress intensity factor Kℓ iǫ in a plane strain finite element (FE) scheme, as detailed below in section 3. We emphasise that K depends on the remote loading only via the loading parameters (H 1 , H 2 ), and the calibration factors d n depends only on the elastic mismatch. Note that the values of (d 1 , d 2 ) are the same for both the 2D and 3D
problems as the crack tip and corner singularity are both in a state of plane strain. Upon making use of (5) and (13), the stress intensity factor scales with the remote tensile stress σ ∞ according to
This formula reveals explicitly the dependence of the K-calibration on the level of corner singularity λ n , and on the product of the two calibration factors, a n d n .
Problem C: a long interfacial crack emanating from the corner
When the crack extends beyond the H-dominated zone, the stress intensity factor K is extracted by performing FE simulations using the full geometry as shown in Fig. 2 
(d). From dimensional considerations
we have
where the complex calibration factor b = b R + ib I depends on the elastic mismatch (α, β), on the geometry (ℓ/D) and whether the pillar is 2D or 3D. The function b is evaluated numerically as described in section 3.
We anticipate that, in the limit of a short corner crack, as ℓ → 0, we have
The energy release rate can be written in terms of b, via (15), as
and the phase angle ψ can be written as
3. Numerical analysis
Prediction of corner stress intensity factor H n in Problem A
We adopt the method of Akisanya and Fleck (1997) , in order to calculate the calibration factors (a 1 , a 2 ) for (H 1 , H 2 ), as defined in (5). The method is briefly outlined as follows. A finite element analysis of the geometry shown in Fig. 2 
The reciprocal theorem can be stated as
where n j is the unit normal to the closed contour C, as shown in Fig. 4 . We proceed to take the starred field in the above equation to be the eigenfield associated with λ * = −λ 1 . This auxiliary field is given by
It suffices to take H * ≡ 1 for our purposes.
Now subdivide the contour into 4 constituents as shown in Fig. 4 , labelled C 1 through C 4 . The integrand of (19) vanishes on C 1 and C 3 since the eigenfields each satisfy the imposed boundary conditions. Consequently,
Now choose the contours C 2 and C 4 to have a radius of r 2 and r 4 , respectively, as shown in Fig. 4 . Both radii are taken to be sufficiently small that the local field (σ ij , u j ) is adequately approximated by the sum of the first two terms of the asymptotic solution (2) and (3) for the corner singularity (with n = 1 and n = 2).
We evaluate the line integral along C 2 by writing (σ ij , u j ) and (σ * ij , u * j ) in terms of (2) and (3), where H 1 and H 2 are unknown at this stage of calculation. We emphasise that this integral does not make use of the finite element solution for (σ ij , u j ). In contrast, evaluation of the line integral along C 4 uses the finite element solution for (σ ij , u j ) and the analytical auxiliary field (σ * ij , u * j ). The value of H 1 and H 2 are extracted from (22), in the following manner.
First, consider the line integral over C 4 . In order to improve numerical accuracy, following Li et al. (1985) , we convert this line integral to a domain integral using the divergence theorem. Towards this end, introduce a linear function q(r), such that it takes the value q = 1 on contour C 4 and q = 0 on the inner contour C 2 . Since the traction vanishes on the contours C 1 and C 3 , we can write
Now use the divergence theorem on the right-hand side of (23) to obtain,
where A is the area enclosed by C. Application of the reciprocal theorem and equilibrium equations provides the identity
The area integral on the right hand side of (25) is evaluated numerically, using the values of (σ ij , u j ) from the FE simulations and the values of (σ * ij , u * j ) from (20) and (21) . Thus we have solved for the integral over
Second, consider the line integral over the curve C 2 in (22). The elastic field (σ ij , u j ) is given by the eigenfield of (2) and (3), and the auxiliary field (σ * ij , u * j ) is given by (20) and (21). Consequently, the line integral over contour C 2 can be written as
where f ij and g j are functions of θ. On noting that the above integral is independent of radius r of the contour, we have
The value c 1 (α, β) is calculated by numerical integration but is not reported here because it is only an intermediate result in the calculation of a n . Upon equating (25) and (26) we evaluate the corner stress intensity H 1 as
A similar procedure can be invoked to extract H 2 . Take the auxiliary eigenfield to have value λ * = −λ 2 and take H * = 1, as before. Then
where c 2 is given by (27), upon replacing λ 1 with λ 2 and c 1 by c 2 . From the calculated values of (H 1 , H 2 )
we deduce the values of the calibration coefficients (a 1 , a 2 ) as defined in (5).
The FE simulation of the problem shown in Fig. 2 (a) has been performed using ABAQUS commercial software 3 . The pillar has a length L >> D. For the 2D planar pillar, the substrate is taken to have a rectangular geometry of width 80D and thickness 40D. For the 3D cylindrical pillar, the substrate is represented by a circular cylinder with a radius and thickness of 40D. Numerical experimentation confirmed that these substrate dimensions are adequate to mimic a half-space. Only half of the geometry is modelled by symmetry. The displacement vanishes at the bottom of the substrate and a normal surface traction, of magnitude σ ∞ , is applied to the free end of the pillar. The pillar and substrate are discretised using elements of type CPE8 in 2D and and CAX8 in 3D.
[ Figure 4 about here.]
Prediction of interfacial stress intensity factor K for problems B and C
For the case of short cracks (i.e. Problem B), a crack of length ℓ is embedded in the H-dominated zone.
The analysis is performed by prescribing a remote H−field over a boundary layer geometry, as shown in Fig. 
2(c), and the challenge is to find the values of the complex calibration factors (d
Recall that the stress distribution in the H−dominated zone is identical for planar and cylindrical pillars, and the simulations are performed under plane strain conditions. To perform a boundary layer analysis, we choose a circular boundary layer of radius r b = 100l and centred on the left corner.
First, an asymptotic displacement field (3) of unit intensity (H 1 = 1, H 2 = 0) is prescribed on the outer boundary. Again, the simulations are performed using ABAQUS software and displacement boundary conditions are imposed via a user subroutine. The stress intensity factors are extracted via the domain integral method within ABAQUS, and the calibration coefficient d 1 is determined using (13). Since the asymptotic stress field is identical for cylindrical and planar pillars (for a given elastic mismatch, crack length and H), the extracted values of d(α, β) are identical for planar and cylindrical pillars. Likewise, the values of the calibration coefficient d 2 are calculated by repeating the above procedure for (H 1 = 0, H 2 = 1).
For long cracks (i.e. Problem C), the stress intensity factor cannot be extracted using a boundary layer geometry. In this case, an FE analysis is performed on the entire geometry as shown in 2(d) for both planar and cylindrical pillars. ABAQUS software is used to perform the analysis and obtain the stress intensity factors. From the extracted values of stress intensity factors, the complex calibration coefficients (b 1 , b 2 ) are obtained via (15).
Results

Problem A: corner singularity problem
4.1.1. Asymptotic stress field
As discussed in section 2, the asymptotic stress distribution is dominated by two eigenfields with eigenvalues λ 1 and λ 2 . These are shown in Fig. 3(a) . At α = −0.99, the eigenvalues λ 1 and λ 2 are far apart (λ 1 = 0.594 and λ 2 = 1), and the asymptotic stress distribution is dominated by the singular field associated with λ 1 . For α > −1, both eigenvalues (λ 1 , λ 2 ) are associated with singular fields and contribute towards the asymptotic solution. In the limit α → 1 and β = 0, the eigenvalues are λ 1 = λ 2 = 0.5 and give rise to crack singularities, see Fig 3(a) . When β = α/4, the eigenvalues (λ 1 , λ 2 ) are real for α ≤ 0.86 and are complex for α > 0.86, see Fig. 3(b) . For the choice α = 1 and arbitrary β, the complex eigenvalue λ is given by the formula λ = 0.5 + iǫ, as discussed in Appendix B. The results given in Fig. 3 (b) for α = 1 and β = 0, α/4 support this.
In general, the asymptotic H−field gives rise to a shear traction on the interface in addition to the normal traction. The significance of the shear traction depends upon the degree to which the detachment mechanism is one of shear decohesion rather than normal decohesion. We proceed to evaluate the ratio χ n of the shear traction to the normal traction for each eigenfield n = 1 and 2. Each eigenfield is normalised such that f θθ (λ n , θ = 0) = 1, and so χ n = f rθ (λ n , θ = 0). It suffices to calculate f rθ (λ 1 , 0) and f rθ (λ 2 , 0) for various values of α and β = 0, α/4. These results are plotted in Fig. 5 and given in table 1. There is significant shear component from each eigenfield to the interfacial traction, but the contributions are of opposite sign. Now, limit attention to β = 0 and evaluate σ rθ /σ θθ for α → −1 and α → 1. For α → −1, we have λ 1 = 0.594 and λ 2 = 1. Then, as r → 0 we have σ rθ /σ θθ ≈ f rθ = 0.5. In contrast, for α → 1, we have λ 1 = λ 2 = 0.5. Then,
As a 1 approximately equals a 2 (see below) for α → 1 and β = 0, the shear stress on the interface vanishes.
[ Figure 5 about here.]
The corner stress intensity H
We proceed to report the values of the calibration coefficients (a 1 , a 2 ), as defined in (5), for a crack-free interface between a pillar (planar and cylindrical) and substrate. The calibration coefficients are calculated using the method outlined in section 3. The values of the calibration factors are obtained for −1 < α < 1 and β = 0 and α/4, and are plotted in Fig. 6 . In general, the calibration factor a 1 decreases with increasing in α, and has only a mild dependence on β. In contrast, a 2 increases with increasing α and displays a maximum at α ≈ 0.2 for both β = 0 and β = α/4. The same qualitative features arise for the dependence of (a 1 , a 2 ) upon (α, β) for the cylindrical pillar. However, there is now a more marked sensitivity of a 2 upon β. When λ is complex, (H 1 , H 2 ) are replaced by a single complex value H, such that
In the limit α → 1, an analytical formula exists for H, see (52) and (53) of Appendix B. The case of complex eigenvalues is discussed in more detail by Carpenter and Byers (1987) , and is not discussed further here.
Now consider the limiting case where the pillar is compliant and the substrate is rigid, such that α = −1. Akisanya and Fleck (1997) reported that a real singularity exists at the corner, such that
where λ 1 = λ 1 (β) and a 1 = a 1 (β). They found that the eigenvalue λ 1 increases from 0.59 to 0.69, and a 1 increases from 0.33 to 0.43 as β is varied from 0 to α/4, in support of the results shown in Figs. 3 and 6 for α → −1.
[ Figure 6 about here.]
[ It is instructive to compare the normal traction distribution of the full finite element solution with that of the asymptotic solution (involving the first two eigenvalues) in order to assess the domain of dominance of the two leading eigenfields, for selected (α, β). This comparison is shown in Fig. 7 Define a cut-off length r H as the distance from the corner at which the asymptotic solution is in error by 10%. We make use of plots such as those given in Fig. 7 in order to deduce r H /D as a function of (α, β).
The dependence of r H /D upon α is given in Fig. 8 for β = 0, and a similar dependence exists for β = α/4
(not shown). We conclude from The calibration factors a n for a 2D planar pillar subjected to a remote moment are reported in appendix C. It is instructive to compare the relative magnitudes of the calibration factors for bending with that for axial loading. The ratio of the calibration coefficients for the two problems is plotted as a function of α in Fig. 9 (a) for β = 0 and in Fig. 9 (b) for β = α/4 . The calibration factor for bending and for axial loading are denoted by (a n ) bend and (a n ) axial , respectively. We note that (a 1 ) bend is less than (a 1 ) axial and their ratio is only mildly sensitive to the values of α and β. The ratio (a 2 ) bend /(a 2 ) axial decreases with increasing α, and is only mildly sensitive to the magnitude of β.
[ Figure 9 about here.]
Problem B: Stress intensity factor for short cracks
The stress intensity factor for a short crack embedded within an outer H−field is calculated using the boundary layer analysis, as discussed in section 3. Since the asymptotic H-field and crack tip fields are both plane strain, the calibration coefficients (d 1 , d 2 ) are identical for the planar and cylindrical geometries. The calibration coefficients are plotted in Fig. 10 
Problem C: Stress intensity factor for long cracks
The stress intensity factor for a long crack is extracted by the domain integral method within ABAQUS. [ Table 3 about here.]
[ Table 4 Denote by ℓ s the crack length for which K−value, as calculated by the asymptotic analysis, differs from the full solution by 10%. Rephrased, ℓ s is the maximum length of crack for which the short crack solution is valid. The value of ℓ s is included in Fig. 8 for both plane strain and axisymmetric geometries with β = 0.
For −1 < α < 0, ℓ s is almost insensitive to α, and the short crack solution is accurate for a crack shorter than 0.12D and 0.06D for planar and cylindrical pillars, respectively. For 0 < α < 1, ℓ s decreases with increasing α. We note in passing that ℓ s is somewhat less than r H for the cylindrical pillar, but exceeds r H for the planar pillar.
Energy release rate
The energy release rate G and phase angle ψ are extracted from K via (17) and (18) In contrast, G is only mildly sensitive to the magnitude of α for the cylindrical pillar. For both types of pillars, G increases with increasing ℓ/D, indicating that the interface will fail in an unstable manner for all combinations of (α, β) when a sufficient remote stress is applied. This is consistent with the simulations reported by Spuskanyuk et al. (2008) . • as α is decreased from +0.99 to -0.99, but ψ has only a mild sensitivity on the β-value.
[ Figure 13 about here.]
Discussion
Case study
Recent studies of adhesion (Jeong et al., 2009; Gorb et al., 2007; Greiner et al., 2007; Kamperman et al., 2010 ) make use of PDMS pillars on a glass substrate 4 (α = −0.99, β = 0) and of glass pillars on PDMS (α = 0.99, β = 0). These pillars typically have rounded corners with a root radius r c (see Fig. 1(b) ). When such pillars are brought into contact with a substrate, the rounded corner between the pillar and substrate resembles a crack. The crack length can be taken as ℓ = r c . We can now make use of the above analysis in order to calculate the pull-off stress σ ∞ as a function of ℓ/D for both planar and cylindrical pillars. Upon equating the energy release rate in (17) to the interfacial adhesion energy or toughness G c , we obtain (for
This is plotted in Fig. 14. We note from Fig. 13 that ψ is in the range 0 ≤ ψ ≤ 20
• for both PDMS on glass and glass on PDMS, and so we can assume that G c is close to its mode I value (pure tensile). Note that σ ∞ drops with increasing ℓ/D (implying an unstable response), and is mildly sensitive to the choice of materials for the pillar and substrate at short ℓ/D.
There is recent interest in the adhesion of PDMS pillars to human skin for the attachment of biomedical devices to skin (Kaiser et al., 2011) . Here, we consider the detachment forces for a PDMS pillar from human skin. Skin has a shear modulus of approximately µ 2 = 0.1 MPa and a Poisson's ratio ν 2 =1/3 (Shergold et al., 2006) . Then, the case of a PDMS pillar detaching from human skin corresponds to α ≈ 0.8 and β ≈ 0.2 = α/4. Upon equating the energy release rate in (17) to the interfacial adhesion energy or toughness G c , we obtain (for β = 0.2)
The normalised pull-off stress, calculated using (31), is shown in Fig. 14 as a function of ℓ/D. We note that the normalised pull-off stress for PDMS pillar from human skin is similar to that of a glass pillar from PDMS substrate.
[ Figure 14 about here.]
Implications of the analysis
The above analysis assumes that the pillar detaches from the substrate in a brittle manner when the energy release rate (as determined from (11)) exceeds the interfacial adhesion energy or toughness G c .
Alternatively, the interface can fail in a 'ductile manner' when the normal stress at the interface reaches the cohesive strength σ c . Whether the failure is ductile or brittle can be determined by comparing the size of the process zone at failure r p to a characteristic size, which is the pillar diameter D in our case. If r p << D, the pillar will detach in a brittle manner. The size of the process zone is given by r p =ΛE * G c /σ (65) to the interfacial adhesion energy. Thus, small pillars will show higher pull-off stresses. Further, there is only a mild sensitivity to defect size. Our analysis also highlights the fact that a stiff pillar on a compliant substrate gives a smaller pull-off stress than a compliant pillar on a stiff substrate. However, the difference is less than a factor of 2 and may be masked by the presence of surface roughness or contaminant.
Concluding remarks
The present study highlights the role of the corner singularity in promoting the detachment of a micropillar from a substrate of dissimilar elastic properties. We assume that detachment occurs by the growth of an interfacial crack from the corner. A full asymptotic analysis has been performed for the stress intensity factor for an interfacial crack embedded within the corner singularity. On comparison with the full field solution, it is demonstrated that the two leading terms of the corner eigenfields contribute to the stress intensity factor of a short interfacial crack. The domain of singularity from the corner extends over a length of about 10% of the pillar diameter. As a consequence, the asymptotic analysis is of great utility as it a determination of the weakening effects of cracks present at the edge of the contact. In addition, the effect of a pillar edge radius on the detachment strength of the pillar under tension can be obtained by considering the edge radius to first order to be a crack at the edge of the contact: the length of the crack is equal to the edge radius. Based on the interface adhesion energy, and the radius of the edge, we have derived an expression for the detachment strength of the pillar when subjected to tension. Therefore, our analysis has predictive power in regard to the tenacity of micropillars when one attempts to detach them from a substrate, whether that substrate is stiff or compliant relative to the pillar material. It remains to compare such a detachment strength with that of pillars having specialized tip shapes such as mushroom heads or flanges. An initial study along these lines has been performed recently by Aksak et al. (2014) . Appendix A Asymptotic analysis of stress distribution near a corner
The asymptotic solution for the stress and displacement fields near a bi-material corner is derived below. Consider a bi-material corner as shown in Fig.2(b) . Let (r, θ) be a cylindrical polar coordinate system originating at the corner. The material above and below the interface is numbered 1 and 2, respectively. Both materials 1 and 2 are isotropic, with shear moduli (µ1, µ2) and Poisson ratios (ν1, ν2). The elastic mismatch can be quantified using the Dundurs' parameters (α, β) as defined in (1). Introduce m as the index that identifies the material above (m = 1) or below (m = 2) the interface with κm = 3 − 4νm. Following Muskhelishvili (1977) , the stress and displacements in material 1 and 2 can be expressed in terms of complex potentials Φ (m) (z) and Ω (m) (z) as
where z = x + iy = re iθ , ( ) ′ denotes the derivative and( ) represents the complex conjugate, in the usual manner. Each complex potential can be written as a series expansion in z, where the origin is at the corner between pillar 1 and substrate 2. For example, we can write
and likewise for Φ2, Ω1 and Ω2. We make use of the traction boundary conditions on the pillar and substrate and continuity relations on the interface in order to derive a characteristic equation with roots λn. Now consider one such root and call it λ. We seek an asymptotic solution of the form
where λ is the eigenvalue and the complex coefficients (A, B, C, D) form an associated eigenvector, to be determined. The relations (32a) and (32c) provide
The displacements and tractions are continuous on the interface, and the tractions vanish on θ = π/2 and θ = −π, hence
where µ = µ1/µ2. Note that (37c) and (37d) give B and D in terms of A and C, as
and consequently, (37a) and (37b) can be re-expressed as
We write A = AR + iAI , and likewise for B, C and D. The real and imaginary parts of the above equations give (cos (2 πλ) − 1)CR + (2 λ − cos (πλ) + 1)AR + AI sin (πλ) + CI sin (2 πλ) = 0, (40a)
−(κ2 + cos (2 πλ))CI µ + CRµ sin (2 πλ) + (κ1 + 2 λ + cos (πλ))AI + AR sin (πλ) = 0.
We proceed to solve for CR and CI using (40a) and (40b) to obtain
and upon substituting for (CR, CI ) into (40c), and (40d) and equating the determinant of the coefficient matrix for (AR, AI ) to zero, we obtain the characteristic equation F (λ) = 0, where
Without loss of generality, choose µ1 = 1 and κ1 = 0. Then, for a given combination of (α, β), we calculate the values of µ2 and κ2. Any root of F (λ) = 0, which delivers a value of λ in the range 0 < λ < 1, gives rise to an unbounded stress as r → 0, and thence to a singular stress field. It is noted that for, α = −1, there is only one root that results in a singular stress field. For larger α, there are two roots that result in singular stress field. The characteristic equation F (λ) = 0 is solved numerically for these two roots for various choices of (α, β). These are labelled (λ1, λ2), with λ1 < λ2. As discussed in section 2, we limit our attention to −1 ≤ α ≤ −1 and β = 0 and α/4.
The eigenvalues are shown in Fig. 3(a) . When β = 0, a real root for λ exists for all values for α. When β = α/4, the root λ becomes complex for α > 0.86. The real and imaginary values of λ are given in Fig. 3(b) for α > 0.86 and β = α/4. We note in passing that (i) if λ is a solution to the characteristic equation, then −λ is also a solution and (ii) the calculated values of λ for the limiting case of α → −1 are in good agreement with those reported by Akisanya and Fleck (1997) .
For each eigenvalue λ, there exists an eigenfield with non-trivial solution for the coefficients A, B, C and D. Using the boundary conditions (37a) -(37d), we can solve for these coefficients in terms of any one of the unknown coefficients, say AR. It remains to express AR in terms of the stress intensity H. Recall from (4) that each value of Hn is associated with an eigenvalue λn. We continue to consider one representative eigenvalue λ and the corresponding intensity H. In order to obtain the required relation between AR and H, write the traction σ θθ (θ = 0) as
To proceed, we need the expressions forB and AI in terms of AR. Upon substituting for B, C and D from (38a), (41a) and (38b) into (37a), we obtain
Now make use of (38a) to expressB in terms of AR and AI , and thereby re-write (43) as AR ≡ y1H, where
Likewise, (44) can be written as AI ≡ y2H, where y2 = − (2 (κ2 − 1)λ − 2 κ2 cos (πλ) + κ2 − 1)µ sin (πλ) − 2 (κ1 − 2 λ + cos (πλ)) sin (πλ) 2 (κ1 + 1)λ sin (πλ) 2 + (κ2 + 1)λ sin (πλ) 2 − (κ2 + 1)λ − (2 (κ2 + 1)λ 3 − (κ2 + 1)λ) cos (πλ) µ .
It remains to obtain (B, C, D) as a function of H via (38a), (38b) and (41a), to give
where
The stresses σ 
where the functions f (m) ij and g
Appendix B Analytical results for α = 1
We summarise here analytical results taken from the literature for a rigid pillar adhered to an elastic substrate α = 1, first for the planar pillar and second for the axisymmetric pillar.
B.1 Rigid planar pillar on elastic substrate
First analyse the case of an ideal contact in the absence of a corner crack, ℓ = 0, as shown in Fig. 2(a) . The problem is identical to the indentation of a half-space by a sticking punch of width D. The eigenfield at the interface corner is identical to that of an interfacial crack, and the traction on the interface reads
An explicit formula for K can be obtained from literature (Johnson, 1987; Muskhelishvili, 1977) as,
Upon equating the terms in (51) we obtain
Since the stress field at the corner (51) is that of an interfacial crack, we can ask what is the phase angle of this interfacial crack tip field? In view of the fact that the only length scale that enters (52) is D, we define a phase anglê ψ, based on the choicel = D in (8). We obtain directly from (52) the resultψ = 0 for all β. Consider now the case where an interfacial corner crack is present beneath the sticking punch (ℓ/D and β arbitrary). Since the pillar is rigid, the portion of the pillar not in contact with the substrate plays no role, and the above solution (52) applies, provided D is replaced by D − 2ℓ and σ ∞ is replaced by σ ∞ D/(D − 2ℓ), to give
By equating (54) and (15), the calibration coefficient b is
the energy release rate G follows as
and the phase angle ψ, now based on ℓ, reads
Note that the energy release rate G is independent of β, whereas the phase angle ψ depends upon β, and vanishes when β = 0.
B.2 Rigid cylindrical pillar on an elastic substrate
First analyse the case of an ideal contact in the absence of an circumferential interface crack, ℓ = 0, as shown in Fig. 2(a) . An analytic solution for the normal and shear stress on the interface is available only in quadrature form as follows. Introduce ρ = 0.5 − r/D, such that ρD is the distance from the centre-line of the pillar to the point of interest on the interface (at a distance r from the corner). Then, Mossakovskii (Mossakovskii, 1963; Kachanov et al., 2003) has derived the result
The corner singularity has the same asymptotic nature as that of the sticking planar punch, which we know from (52) to be an interfacial crack tip field. It remains to obtain the magnitude and phase of K for the cylindrical case. Mossakovskii (1963) has given a closed form expression for the compliance C of a rigid pillar on a half-space,
The load on the pillar is P = πσ ∞ D 2 /4, and the energy release rate G is
Recall that
, where E * = 4µ2/(1 − ν2) from (12). Hence
Thus, we know directly |K| but not its phase angle. We shall make use of (58) in order to obtain the phase angle as follows. The asymptotic stress field at the corner is of the form
as r → 0, following (6). Hence,
We proceed to substitute (58) into (63) in order to evaluate KD iǫ numerically 5 . Note that KD iǫ = |K|e iψ , whereψ is given by (8) withl = D. A fitting exercise giveŝ
and is accurate to within 5%. Numerical evaluation of (63) confirms the validity of |K| as given by (61). Previously, the energy release rate and phase angle for a 3D cylindrical pillar has been estimated by Kendall (1971) and by Gao et al. (2005) by making use of the frictionless punch solution. For the case of a flat-bottomed circular cylindrical punch, without friction, the energy release rate is
and this corner singularity is identical to that of a mode I crack, with stress intensity factor K = σ ∞ (πD/8) 1/2 . The expression (65) for G is very close to that for the adhered pillar for α = 1 and arbitrary β (that is, arbitrary ν2). For example, the expression (65) is identical to that of (60) for ν2 = 1/2 (ie. β = 0), and deviates by only 9% when ν2 = 0. The mode mixes are also very similar. For the adhered pillar,ψ, as defined by arg(KD iǫ ), is given by −ln(3 − 4ν2)ln4/2π. Thus,ψ = 0 for ν2 = 1/2 andψ = −13.8
• for ν2 = 0. In comparison, the frictionless punch generates a mode I K−field in substrate 2 for all ν2.
In similar manner, the indentation solution for a frictionless planar punch (of width D) is very close to that of the 2D planar pillar for α = 1, arbitrary β. The energy release rate at the corner singularity of a frictionless punch is identical to that for the adhered 2D pillar, for α = 1 and arbitrary β,
The frictionless punch generates a mode I crack tip field whilst the sticking pillar hasψ (based on D) equal to zero, recall (52). It is useful to collect the above analytical results for compliance, energy release rate and phase angle for a frictionless and sticking punch, see table 5. We emphasise that the case of rigid pillar on an elastic substrate (α = 1, arbitrary β) is identical to the case of rigid, sticking punch.
[ Table 5 (58) for the interfacial traction, (60) for G, and (61) for |K|. Thus, the expression for G now reads
The phase angle ψ, as defined in (9), is related toψ of (64) according to (10), to give
Appendix C Pillar subjected to an end moment M For completeness, we report the calibration factors for a planar pillar subjected to an end moment M (see Fig.15(a) ). We again consider the three problems discussed in section 2. For the crack-free configuration the asymptotic stress field at the corner is of the same form as that of axial loading, and is given by (2). Hence, λ(α, β) and d(α, β) are the same as before. The definitions (5) and (15) still apply, with σ ∞ = 6M/D 2 redefined as the maximum bending stress at the outer fibre of the planer pillar. However, the calibration functions a and b change.
Problem A. The values of the calibration factor a for various values of (α, β) are obtained using finite element (FE) analysis, as described in section 3. The FE simulations are performed by choosing the length of the pillar to be 40D and by modelling the substrate as a rectangular domain of height and half width equal to 40D. The end moment M is applied to the top of the pillar, via a linear distribution of normal traction. Since the applied moment is antisymmetric about the neutral plane, only the right half of the geometry is modelled. The geometry is discretised using plane strain finite elements (CPE8 in ABAQUS terminology). The calculated values of a are reported in table 6.
[ Table 6 about here.] Problem C. When the crack is long, the values of the stress intensity factor K have to be extracted by performing finite element analysis on the entire geometry as shown in Fig.15(b) . The finite element analysis is performed as detailed above, and the stress intensity factors are calculated using the domain integral method in ABAQUS. From the extracted stress intensity factors, the values of the complex calibration coefficient b are calculated for selected values of of (α, β); these are listed in table 7.
[ Table 7 Table 2 : Values of a n for the corner singularity: cylindrical pillar with a remote stress applied. Table 5 : Summary of results for compliance C = f 1 (ν 2 )(1 − ν 2 2 )/DE 2 , energy release rate G = f 2 (ν 2 )(1 − ν 2 2 )D(σ ∞ ) 2 /E 2 and phase angleψ for 2D planar and 3D cylindrical pillars for α = 1 and arbitrary β. Table 7 : Values of the calibration factor b = b R + ib I for long cracks when an end moment is applied to a planar punch.
